2. Basic Cosmological Equations derived from Newtonian Physics

We now need to develop cosmological models which describe the expansion of the Universe when we consider the force of gravitation.  In 1915, Einstein produced his theory of General Relativity and the first mathematical description of the Universe.  However, he encountered a fundamental problem – his equations did not allow the Universe to be static.  It had be either expanding or contracting.  Einstein then added his ‘Cosmological Constant,’ (, to keep the Universe static.  In 1929, Edwin Hubble discovered the Universe was actually expanding.  Einstein subsequently removed his Cosmological constant from his equations, and called it the greatest blunder of his life!

Very few people understood GR when it was first published, but one of the few was a Russian physicist named Alexander Friedmann, who studied Einstein’s equations and produced the first solution for a dynamic Universe in 1922 – a few years before Hubble’s discovery.  The solution Friedmann produced was made by assuming the universe was homogeneous and isotropic on large scales. This equation bears his name and is the fundamental equation for an expanding universe.

Although to derive this equation properly, we need to understand GR, it is possible to derive the Friedmann equation just using Newtonian gravity.  It is not completely rigorous but is sufficient at this stage.

We need to consider the kinetic energy (K.E.) of separating particles, e.g. galaxies, compared to their gravitational pull.  

(How the K.E. of the expansion of the universe compares with the potential energy (P.E.) of gravitation – decides the fate of the Universe).

2.1 Newtonian Gravity

In Newtonian gravity, all matter attracts with the force, F between two objects of mass M and m, at a separation distance, r, given by:
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(2.1)

(2.2)

where G is the Gravitational Constant.  Gravitational potential energy, V is defined by (2.2) which gives rise to the gravitational force Fg.

Acceleration of an object is also proportional to its mass via F = ma.  The acceleration the object feels under gravity is independent of its mass.

In order to derive the Friedmann equation, we need to make use of a result proved by Newton, and often known as Newton’s spherical or point theorem.  This states that in a spherically symmetric distribution of matter, a particle feels no force from material at greater radii, and the material at smaller radii gives exactly the same force that would be obtained if all the material was concentrated at the centre of the sphere.  This property arises from eqn (2.1) – and a similar result exists in electricity and magnetism (E.M.)
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Newton’s Point Mass theorem: A uniform spherical mass distribution attracts an external point particle as if all the mass was concentrated at the sphere’s centre.

2.2 The Friedmann Equation

This is the most important equation in Cosmology as it describes the Universe’s expansion.  To derive this equation, we need to compute the gravitational P.E. and K.E. of a test particle, and then apply energy conservation laws.

Consider an observer in a uniformly expanding medium, with mass density, ( ( = m/V).  To the observer, the universe looks the same anywhere, so we can consider any point in space to be its centre.

Now consider a particle at a distance, r, away with mass, m.  According to Newton’s Point mass theorem, this particle will only feel a force from material at smaller radii.

Total mass of enclosed material, M:
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and the force due to this enclosed mass is 
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(2.3)

Gravitational P.E. of the particle is: 
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(2.4)

And the K.E. of the particle is:
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(2.5)

This equation describes how separation, r changes can be derived from energy conservation for that particle:

Total energy is the sum of the K.E. and P.E.            U = T + V

(2.6)

where U is constant.
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(2.7)

This energy equation gives the evolution of the separation, r between two particles.  It applies to any two particles because the Universe is homogeneous.

This allows us to change to a different co-ordinate system, known as co-moving coordinates.  These are coordinates which are carried along by the universe’s expansion.

Because the expansion is uniform, the relationship between the real distance, r and the co-moving distance denoted x can be written:
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(2.8)

a is purely a function of time.
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Fig. 3.2 The co-moving coordinate system is carried along by the expansion of the Universe but any objects remain at fixed coordinate values.

In the x coordinate system, galaxies remain at fixed locations.  In the r coordinate system (which does not expand) is known as the physical coordinates.

The quantity, a(t) is crucial and is known as the scale factor of the Universe.  It measures the universe’s expansion rate.  It tells us how physical separations are growing with time since by definition the coordinate distances, x remain fixed.

[e.g. If between times t1 and t2 say, a(t) doubles, the Universe will have expanded by a factor of 2, and it will take twice as long to get from galaxy A to galaxy B.]

Now re-write equation (2.7) using (2.8)
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as objects are fixed in co-moving coordinates.
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  and re-arranging 
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(2.10)

gives the Friedmann equation where 
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, and k must be independent of x since all the other terms in the equation are because of the requirement of homogeneity.
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 is time-independent because the total energy, U is constant and x is fixed.  Therefore k is a constant that is unchanging with either space or time.  k has units of [Length]-1.

An expanding universe has a single unique value of k which is retained throughout its evolution.

[k in fact defines the geometry of the Universe and is usually called the “curvature term”].

The Friedmann Equation derived from GR

In the Newtonian derivation, k is an unspecified constant.  In General Relativity, gravity is the result of the curvature of space-time and k is naturally included as it describes the geometry of curvature of the Universe.

In GR, the fundamental quantity is the metric which describes the geometry of space-time.  If homogeneity and isotropy are assumed, the metric takes the form (in spherical polar coordinates)
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This is known as the Robertson-Walker metric and it describes how the separation of 2 particles taking part in the Universe’s expansion changes with time.

Combining this metric with Einstein’s field equations gives the Friedmann equation precisely.

What does the expansion mean?

Space itself is expanding and galaxies are moving farther apart as time increases.  Stars are not moving farther apart inside the galaxies – their motions are governed by gravity (as they are locally bound within the galaxies).

On large scales (> 10s of Mpc) the Universe is effectively homogeneous and isotropic – it is on these scales that Newton’s point theorem applies (i.e. the motion of objects is governed by the cumulative gravitational effect of a homogeneous distribution of matter between them) and the expansion of the Universe is felt.

Exceeding the speed of light?

From Hubble’s law, the recession velocity, v is proportional to separation distance and thus distant galaxies will be receding faster than the speed of light.

The is not a violation of GR (that states the velocity, v never exceeds the speed of light, c) because space itself is expanding.  No violation occurs because no signal sent between these distant galaxies could ever catch up.

Special Relativity (SR) is not violated because it refers to the relative speeds of objects passing each other locally, and cannot be used to compare the relative speeds of distant objects.

Since the distant galaxies receding with velocity v > c cannot communicate with us we can say that the size of the observable universe is given by:


[image: image18.wmf]c

r

H

=

from Hubble’s law     and v = c         (Use H = 70 kms-1 Mpc-1, r = 4300 Mpc)

Useful analogy:

Ants on the surface of a balloon moving with a maximum speed of 1 cm/s and the fastest relative speed is 2 cm/s.

Inflate the balloon – ants which are far apart on the balloon’s surface will be moving apart at faster than 2 cm/s.  But they cannot communicate this because the expanding balloon is pushing them apart faster than they could ever approach one another.  

Any ants that are close together can still only pass one another with a relative speed of 2 cm/s even though the balloon is expanding.

2.3 The Fluid Equation

This equation describes the mass density of the Universe, ( evolves with time.  To derive it we can use the 1st law of thermodynamics:
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and can also define 

dQ=TdS, dW=pdV
applied to an expanding volume of unit co-moving radius.

The volume, V has physical radius, a, so the energy

E = mc2 = 
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(2.12)
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 (2.13)

(2.14)

Assume the expansion is reversible (divide by 4(a2c2 and multiply by 3/a) to get
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(2.14)

This is the Fluid equation and has two terms which contribute to changes in density with time.

1st term in brackets – dilution in density because volume, V increases.  2nd term – corresponds to loss of energy because the pressure of the material has done work as volume of the Universe has increased.

Note: no pressure force in an homogeneous Universe because density, ( and pressure, P are the same everywhere.  Pressure does not contribute a force to help the expansion.

The effect of pressure is solely through the work done as the Universe expands and cools.

2.4 The Acceleration Equation

This equation describes the acceleration of the scale factor, a and is derived by differentiating the Friedmann equation w.r.t. time (eq 2.4) and then substituting for the fluid equation and using the Friedmann equation again (Eq 2.17) to give finally
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(2.18)

This is the Acceleration equation.   (for working and intermediate steps use eq’s 2.16 and 2.17 are not shown as this is a question in the first Problem Sheet).

Note: If the material has any pressure, then this increases the gravitational force and so decelerates the expansion.

Setting c = 1

Convention is to use mass density, ( and energy density, ( interchangeably (( = (c2) so c is set to 1 in the Friedmann Equation 
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(2.19)

We will drop the c2 term from now on.
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